Abstract. For each positive integer l we construct a C l -function of one real variable the graph Γ of which has the following property: there exists a real function on Γ which is C k -extendable to R 2 , for each k finite but it is not C ∞ -extendable
Introduction.
Let X be a locally closed subset of R n ; i.e. closed in an open subset G of R n . Consider the following R-algebras of functions
where k ∈ N ∪ {∞}, and the R-algebra of functions which can be called almost
Obviously, we have
A fundamental question concerning singularities of the set X is the following:
The answer is affirmative in the following cases: 
, and consequently
More generally, when X ⊂ M , M is a closed C ∞ -submanifold of G and X is the closure of its interior in M .
3) When n = 1 (cf. [M] ). 4) When X is a closed semianalytic subset of G. Not all subanalytic subsets have this property, and this property distinguishes an important class of subanalytic sets (cf. [BMP] ).
In [P] the author gave an example of a subset of R 2 on which there are almost C ∞ -functions not being C ∞ . Simplifying and clarifying the construction from [P] , here we will prove the following
Theorem. For each positive integer l there exists a function
(resp. N) will denote the set of positive (resp. non-negative) integers);
for x near a ν , x = a ν and any k ∈ N, where P k is a polynomial depending only on k.
In particular
Two cases:
(1) There are two sequences (b n ) n , (c n ) n ⊂ R converging to a ν such that
(2) There is a sequence (b n ) n ⊂ R converging to a ν such that
In the case (1)
Consequently,
In the case (2)
To finish the proof of the theorem take first a
, for x ∈ R \ {0}, and ψ(0) := 0.
ψ is C k on the set (−∞, a k−1 ) \ {0}, due to the properties (II)-(IV). On the other hand, by de l'Hôspital's rule
This implies in an easy way that lim
×R, so it suffices now to glue smoothly these two functions along the strip (a k , a k−1 ) × R. Remark. It follows from [G] (the author is indebted to Rémi Soufflet for this reference) that the function ϕ in our theorem can be chosen in such a way that the germ of ϕ at 0 belongs to a Hardy field of germs of real functions at 0.
